
since f is arbitrarily taken with f s f ,
we obtain

No (G) E FI, Ho ( Gj )
Henie

HCE) E Mo (G) E II , No CG ' )
E EI ( MHz ) t ¥)

=⇐7 ME; )) t e

Lettrig E -so gives

ACE) E FI Heil .



Steps . µ is a Borel measure
.

Equivalently ,
we need to show that

all open sets are µ- measurable .

Let U e X be open .

We need to prove

pelc ) s te (Cnu ) t Howl
,
a cell

.

By the definition of µ , it is enough to prove

④ HCG) Z MCG n U ) t MCGIU ) , t open a-

( because if this is true
,

then f E > o
, pick open Goc

such that HCC ) Z ft (G ) - E . Then by # ,

Hk) salat - e Z NG nu ) thatu) - E
z tuk nu ) thaw) - e . )



To prove (A) , we may assume µ(G) cos .
Let s > o , and pick of s Gn U such that

Aff) Z Mo (Gnu) - E .

Let K = suppl 91 .
Pick Ys Gtk .

since supply) and K are disjoint ,

gt X K E .

Hence

µ (G) = Ho (G ) Z A (9+4) .

= A (9) + NY)
Z M ( Gnu) - et AH! .

Recall that 4S Gtk is anbitnily taken,
"

we obtain

MG ) s µ(Gnu) -et lulatk)



= µ( a- nu) -et tu (Glu)
( since Gtk 2GW) .

Letty E -so gives

HG) z NG nu) t H(Glu)
.

Step 3 . µ is finite on compact sets .

We shall prove

HK ) = inf { Nfl : ksf }
for all compact sets K ,
where k s f means f- EGCX)

,

of f- El on X and f - l on K .



We first show tells ) E inf { Nfl : Kef }
.

Let fecdx) such that K s f
.

For at (o, 't) , define

Ga = { x EX : fail > a }
.

Then Ga is open and Gao k .

Let 9 s Ga .

Then

p s fz on Ga

Henie

q e LI on X
.

It follows that
Ake ) s NE ) =L Nfl
( here we used the positivity of A)

Hence

NC Ga) E at Nfl .



In particular
MK ) E µ(Ga ) E at Nfl

.

Letting at' 't gives luck) E Nfl .
This shower luck) E Iif { Nfl : Ks f } .

To show the other direction, HE > o ,
we can find open G o K such that

tick) stuff) - e that - e .

By Ury Sohn 's lemma , I f C- GCX ) such that

K s f s G
.

Hence
tells ) z Nat - e

Z Alf) - E .

Z inf { Ngl : keg } - E



Letting s -20 gives the desired inequality,

step 4 . Alf ) - f f dm ,
t fecdx)

.

Actually we only need to prove
⇐ *) Nfl Eff dm ,

ht fecclx )
.

( because the other direction follows by replacing
f- by - f in the above inequality )

Let ft Cccx) .

Then f- (X) e [a ,b1
for some a, b EIR .

.

Let e > o
, pick

Yo easy ,
c ya s . . - syn =b

such that Yin - Yi SE .



Let K= supple .

Let

Ej = f
"

( Yj- i , Y,- I n k
,

it
,

. . ;n

Then Ej are disjoint , measurable,
and

Ej = K
.

Since K is compact , Mlk) ab so are

µ(Ej ) .

Next we pick open Gj 0 Ej such that

① G;
e { x it fans g. te }

② µ( Ej ) z H(Gj ) - Ep .

Notice k = ¥ ,
Ej e ft , Gj .



Hence I g. s Gj with 9J =L on K
.

Hence

f- = Tg f : G- on X

"

Tiff, = ¥ ,
Alf g )

E Eh , A ( (Yjte ) g )
( because fsyjts

= II , (Yjte ) Ng. ) .

oh Gj )

= ¥ ,
@It Yjte ) Ng ) - lat ¥ ,

A (g)

<
,
( tatty,- te ) fulfil - lat II , Ng )
( since Ialt Yjt E >o )

E FI ( I alt Yjytze) - (thEj) th)
- lat "④ )



⇐ FI Youth Ej ) that .⇐h HE;) - fine;D
+ OKI .

E ffdti -1041 .

( sina.yj.it/EjEffdtt )
Here we used the facts that HEj ) - MK)

n

and HK ) E Al -29; )jet

( since Ks Eh, Gj .
we use step 3 ) .


